THE RADIAL CURVATURE OF AN END THAT MAKES 
EIGENVALUES VANISH IN THE ESSENTIAL SPECTRUM II 



HIRONORI KUMURA 



Abstract. Under the quadratic-decay-conditions of the radial curvatures of 
an end, we shall derive growth estimates of solutions to the eigenvalue equation 
and show the absence of eigenvalues. 



1. Introduction 

The Laplace-Beltrami operator A on a noncompact complete Riemannian man- 
ifold M is essentially self-adjoit on Cq°(M) and its self-adjoit extension to L 2 (M) 
has been studied by several authors from various points of view. Especially, the 
problem of the absence of eigenvalues was discussed in [2, 3, 4, 5, 6, 7, 9, 10, 13, 15, 
17, 19]. The purpose of this paper is to clarify the relationship between the cur- 
vatures at infinity and the spectral structure of the Laplacian. In particular, this 
paper discusses growth estimates of solutions to the eigenvalue equation and show 
the absence of eigenvalues of the Laplacian. 

Let us now look at the previous works which treat the case the curvature K tend 
to zero at infinity. They mainly studied the case that (M, g) is simply connected 
and complete and that K is nonpositive. We shall recall decay conditions on K 
which ensure the absence of positive eigenvalues. In this case, the earlier works 
mainly studied the case that dim M = 2, because their arguments require faster 
than quadratic decay for K which, in dimension greater than two, would force 
(M,g) to be isometric with R™ (see Green and Wu [llj). That is why this problem 
for higher dimensions remains a challenge so far. For example, it was assumed in 
g] that r^\K\ dr < oo and lim^^ r 02 K = 0, where j3 x > 2 and (3 2 > 3 are 
constants. Roughly speaking, this curvature condition is K — 0(r _3 ~ £ ). In this 
paper, we shall treat manifolds of all dimensions under the assumption of some 
quadratic decay for the curvature, and prove the absence of positive eigenvalues. 
We note here that Escobar and Freire [TU] studied the nonnegative curvature case. 
However, their arguments require global curvature conditions on M. 

We shall state our results more precisely. Let (M, g) be an n-dimensional non- 
compact complete Riemannian manifold and U an open subset of M. We shall 
say that M — U is an end with radial coordinates if and only if the boundary 
dU is compact, connected, and C°° and the outward normal exponential map 
expiy : N + (dU) — > M — U induces a diffeomorphism, where N + (dU) — {v S 
T(dU) | v is outward normal to dN}. Note that U is not necessarily relatively 
compact. Let r denote the distance function from dU defined on the end M — U. 
We shall say that a 2-plane it C T x M (x G M — U) is radial if n contains Vr, and, 
by the radial curvature, we mean the restriction of the sectional curvature to all 



the radial planes. In the sequel, the following notations will be used: 

B(s, t) = {x e M -U | s < r(x) < t} for < s < t; 

B(s, oo) = {x e M -U | s < r(x)} for < s < oo; 

S(t) ={xe M -U\ r(x) = t} for < t < oo; 

<r(— A) = the spectrum of — A; 

<t p (— A) = the set of all eigenvalues of — A; 

a ess (— A) = the essential spectrum of — A; 

Kr&d. = the radial curvature on M — U. 

Moreover, we denote the Ricmannian measure of (M, g) by dv g , and the induced 
measures from dv g on each S(t) (t > 0) simply by dA. 
We shall consider the eigenvalue equation 

Au + \u = on E = M - U 

and drive a growth estimate at infinity of solutions u, from which will follow the 
absence of eigenvalues; 

Theorem 1.1. Let (M,g) be an n- dimensional complete Riemannian manifold and 
U an open subset of M. Assume that E := M — U is an end with radial coordinates 
and set r = dist({7, *). We assume that there exists constants r > such that the 
second fundamental forms Vdr of the level hypersurfaces {S(r)} r > ro satisfies 

— (g — dr <g> dr) <Vdr <-(g — dr ® dr) on B(r , oo), (*i) 
where a > and b > are constants satisfying 

a < b and a > b. (* 2 ) 

n — 1 

in addition, we assume that 

Ric(Vr,Vr) > -(n- 1)^^ onB(r ,oo), (* 3 ) 

whereb\{t) is a positive-valued decreasing function of 't G [r ,oo) satisfying lim^^ bi(t) = 
0. Let A > &e a constant and u a nontrivial solution to the equation 

Au + Aw, = onB(ro,oo). 



Then, for any 



we have 



7 > (& -a), (*4j 




hminf fr / ^(_) +|„|^ ( /J.^ 0. ,1) 

Theorem 1.2. Le£ (M,g) be an n- dimensional complete Riemannian manifold and 
U an open subset of M. Assume that E := M —U is an end with radial coordinates 
and set r = dist([/, *). We assume that there exists constants ro > such that the 
second fundamental forms Vdr of the level hypersurfaces {S(r)} r > ro satisfies 

-(g — dr ® dr) <Vdr < -(g — dr ® dr) on B(r , oo), (*i) 



where a > and b > are constants satisfying 



n + 1 

a < b and a > 6. (*2) 

ri — 1 

In addition, we assume that 

Ric (Vr,Vr) > -(ra- 1)^1 onS(r ,oo), (* 3 ) 

r 

whereb\(t) is a positive-valued decreasing function oj t E [ro,oo) satisfying limt—Kx, b\ (t) = 
0. Furthermore, if we add the assumption 

1> ^— ( b ~ a ), (*s) 

<o ones above, then a(— A) = [0, oo) and <r p (— A) = 0. 

Theorem 1.1, 1.2 and comparison theorem in Riemannian geometry (Kasue |13j ) 
yield the following: 

Theorem 1.3. Let (M,g) be an n- dimensional complete Riemannian manifold and 
U an open subset of M. Assume that E := M — U is an end with radial coordinates. 
We assume that there exists a constant ro > such that 

(>— if < a < 1, 

V *W )XT5(,„) ^ (*«) 

[> if a > 1; 

V *lr S(r „)xT S (r„)<^ i/ < 6 < 1; (* 7 ) 

6(6-1) _ _ o(l-o) „, 
- V r2 ' < K Iad . < y ^ ' on B(r , oo), (* 8 ) 

where a > and 6 > are constants satisfying 

?i + l 

a < 6 and a > 6. (*2) 

n — 1 

Let X > be a constant and u a nontrivial solution to 

An + An = on B(ro, oo). 

Then, we have 

liminf V [ l(^) + |n| 2 1 dA for any 7 > ^—^(6 - a). 
Js(t) [\or/ J 2 

Theorem 1.4. Let (M,g) be an n- dimensional complete Riemannian manifold and 
U an open subset of M. Assume that E := M — U is an end with radial coordinates. 
We assume that there exists a constant r$ > such that 

f> — «/ < a < 1, 

™r\ TS(ro)XTS(ro A ;° (*«) 

[> if a>V. 

Vdr \TS ( r ),TS { r )^^ if < b < 1; (* 7 ) 

6(6-1) a(l-a) , 
2 — < K Tad . < 5 on B(r ,oo), (* 8 ) 



where a > and b > are constants satisfying 

n + 1 



a < b and 
Furthermore, if we add the assumption 

1>^ 



-a > b. 



1 



1 



(6 -a), 



io ones above, then o~(— A) = [0, oo) and <r p (— A) 



(*2) 



In Theorem 1.3 and 1.4, note that we do not assume an explicit upper bound of 



Vdr 



if b> 1. 



lTS(r )xTS( r „) 

Our method is a modification of solutions of Koto [2] , Eidus [5] , Roze [5T] , and 
Mochizuki [TU] to the analogous problem for the Schrodinger equation on Euclidian 
space. 

The author would like to express his gratitude to Professor Minoru Murata. 
He kindly informed the author of several facts about the analogous results for the 
Schrodinger equation on Euclidian space. 

2. The second fundamental form and radial curvature 

In this section, we shall confirm our geometric situation. On an end with radial 
coordinates, the second fundamental forms Vdr of the level hypersurfaces {S(r)} r >o 
describes the metric growth of the surfaces {S(r)} r >o and the radial curvatures 
controls the second fundamental forms Vdr; the comparison theorem in Riemannian 
geometry ( Kasue |13j ) yields the following propositions: 

Proposition 2.1. Let [M,g) be an n-dimensional complete Riemannian manifold 
and U an open subset of M . We assume that E := M — U has radial coordinates. 
Let ro > and a be constants. We assume that 



a e (0,1). 



Then, the following holds: 
(1) U 



n 



Vdr > — (g — dr® dr) on S(r ), 

q(l-q) 
iV ra d. < t. 



th 



en we nave 



Vrfr > — (g — dr ® dr) 
r 



on B(ro,oo), 
on B(rQ, oo). 



(2) // 



Vdr < — (g — dr ® dr) on S(r ), 



A", 



ad 



> 



a(l 



th 



en we nave 



a 

Vdr < — (g — dr ® dr) 



on B(ro,oo), 
on B(rQ, oo). 



Proposition 2.2. Let (M,g) be an n- dimensional complete Riemannian manifold 
and U an open subset of M . We assume that E :— M — U has radial coordinates. 
Let rg > 0, a, and > be constants. We assume that 



a> 1. 



Then, the following holds: 
(1) U 



Vdr > (3 (g — dr ® dr) on S{tq), 
ct(a — 1) 

#rad. < 2 on B{r , oo), 



(2) If 



Vdr > — (g — dr ® dr) on £?(r , oo). 



Vdr < (3 (g — dr ® dr) on S(r ), 
a(a — 1) 

K ra d. > 5 071 S ( r 0,Oo), 



t/ien. we have 



Vdr < (g — dr ® dr) on -B(ro, oo). 

r - ro + ^ 

For the proof of Proposition 2.1 and 2.2, see Kasue |13j . 



3. Analytic propositions 

In this section, we shall prepare some analytic propositions toward the proof of 
Theorem 1.1. 

Let (M, g) be an n-dimensional complete Riemannian manifold and U an open 
subset of M. Assume that E := M — U is an end with radial coordinates. We shall 
consider the eigenvalue equation 

Au + \u = on E := M - U, 

where A > is a constant. 

Let p(r) be a C°° function of r G [ro, oo), and put 

v(x) — exp(p(r(x)))u(x) for x G E. 

Then it follows that v satisfies on B(ro,oo) the equation 

Av - 2p'(r)-£- +qv = 0, 
or 

<7=|Vp(r)| 2 -Ap(r) + A 

- |p'(r)| 2 -/j"(r)-p'(r)Ar + A. 

As is mentioned in section 1, we denote by dA the measures on each level surface 
S(t) (t > 0) induced from the Riemannian measure dv g on (M,g). 
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Proposition 3.1. For any ip £ C°°(M — U) and r < s < t, we have 

[ {\Vv\ 2 -q\v¥}^dv g 
JB(s,t) 

= 1 / - / I (^-)tpvdA- [ (Vip + 2ipp'(r)Vr,Vv)vdv q . 
\Js(t) Js(s)J \drj J B ^ t) 

Proposition 3.2. Let \7r,Xi,X 2 , ■ ■ ■ ,X n _i be an orthonormal base for the tan 
gent space T X M at each point x £ M — U . Then, for any real numbers 7, e, 
< s < t, we have 

lv-l 2 + V^ \ dA 



1 2 1 - j2 f dv\ "/ — e dv 



= f r^ 1 J r(Vdr)(V«, Vv) - i(rAr + e) V (dv(X 4 )) 2 I dw 3 
JB{s,t) \ 2 i 

+ f r^- 1 ( 7 - i(rAr + e) + 2rp'{r)\ 

JB(s,t) I 2 J 



9v 
dr 



i=i 

2 



+ 2^£/ r^\^—± + 2 p i(r)\^vdv g . 



Lemma 3.1. For any (3 £ R, we have 

( f - [ )rP\v\ 2 dA = [ r"( 

\JS(t) JS(s) j JB{s,t) I 



Lemma 3.2. For any m £ R, we have 
-'"{|V,f-,|»| 2 } dv, 



f • 

J B(x,oo) 



IALi-2m/* \ v f dA )--[ r - 2m {2m-l-rAr}\v\ 2 dA 
2 dx \ J s(x) / 2 J s(x) 



x 



'S(x) I z JS(x) 



B(x,oo) V* 



Proposition 3.1 and 3.2 arc obtained by setting c = in [18, Proposition 3.1 and 
3.3], respectively; Lemma 3.1 also follows from [18, Lemma 3.2]; Lemma 3.2 is also 
got by putting c = in [18, equations (32) and (33)]. 

4. Faster than polynomial decay 

Let (M, g) be an n-dimensional noncompact complete Riemannian manifold and 
U an open subset of M. We assume that E := M — U is an end with radial 
coordinates. We denote r = dist(?7, *) on E. Let us set 

g = g — dr ® dr 



and assume that there exists r > such that 



— g<Vdr<-g on B(ro,oo), (*i) 



where a and b are positive constants satisfying 



a < b and — —a > 6. (* 2 ) 
n — 1 



We also assume that 



Ric (Vr,Vr) > -(n- 1)^^ o nJ B(r ,oo), (* 3 ) 

r 

where bi(t) is a positive- valued decreasing function of t e [r ,oo) satisfying 
lim^oo bi(t) = 0. 

In the sequel, we shall often use the following notation for simplicity: 

a = {n - l)a; b = (n - 1)6; 6i(r) = (n - l)&i(r). 

Proposition 4.1. Assume that there exist constants r > 7 a, and b such that 
(*2) ; and (* 3 ) hold. Let A > be a constant and u a solution to 

Au + Am = on B(r , oo). 

Moreover, let 

7>^— (6-o) (*4) 



&e a constant and assume that u satisfies the condition: 

" <7 X w {(S) 2+H2 } dA -°- (3) 

Then, we have for any m > 

r m {M 2 + |Vu| 2 } dv g <oo. (4) 

I B(ro,oo) 

Proof. We shall combine Proposition 3.2 and Lemma 3.1; put p(r) = in Propo- 
sition 3.2; put /3 = 7 — 1 in Lemma 3.1 and multiply (2) by a positive constant a. 
Then v = u and g = A and 



I ^ ( 



du\ 2 I,, ,2 7 — £ du a. ,o| ,. 
1|V7 12 1 \ i 12 f du\ 2 7 — £ <9u a ( 



S( S ) 



-|Vw| 2 - -A|u| 2 - — - -i— — u- -|u| 2 rfi 
2 1 1 2 1 1 l<9r/ 2r dr r 1 [ 



> 



/ r 7 " 1 ( r(Vdr)(Vw,Vw) - -(rAr + e) V (du(X t )) 2 ) dw s 

^(..t) [ 2 t=i J 

+ / ^- 1 ( 7 -i(rAr + e) 1 / ' " 

JB(s,t) I 2 



>B(s,t) 

^/ r 7_1 (rAr + e+^(Ar+- — -H|u| 2 efo 9 
2 ifl(s,t) I A \ r ' 

i /(7-e)(7-l) , „A 9u „ 

B(s,i) 



+ / r7 " i - — ^M^V (5) 



Now, our assumptions 27 > [b— a) and > b respectively imply that 27— b+a > 

and a > b — 2a, and hence, we can choose a constant e so that 

a > -e > b- 2a (> 0), (6) 
27-S-e > 0. 

Then, we see that for sufficiently large r 

r{Vdr)(Vu, Vu) - -(rAr + e) ^ (du(-Xi)) 2 

n— 1 

> - {2a - 6 - e} J] (<MX;)) 2 > 0; 



7- i(rAr +e) > i{2 7 -6-e} > 0; 
rAr + e>a + e>0. 

Therefore, bearing Shwarz inequality in mind, if we take a > sufficiently small 
and if ri > sufficiently large, we see that for any t > s > n the right hand side 
of (5) is bounded from below by 



JB{s,t) 



where c\ = c\{a, b, n, A, 7, e, a) > is a constant depending only on a, b, n, A, 7, e, 
and a; that is, 



s(t) 



„ I / du\ 1 , , 2 7 — e <9u a, , 2 I , . 



Js(s) { * 



l\i 12 ( d u \ 7 — e 9u a . - 



>ci / r^flVuf + M 2 }^. (7) 

JB(s,t) 

Besides, by Shwarz inequality, for r > r 2 := max{n, ^ 7 7^ }, 

! u \u\ 2 < — \a- . \\u\ 2 < 0, 



9r / 2r dr r r \ Ar 

and moreover, (3) implies that there exists a divergent sequence {ti}^ such that 

Hence, substituting t = tj in (7) and letting i — > 00, we get, for s > r 2 , 

1 / r 7 {|V«| 2 - AM 2 } dA> Cl [ r-*- 1 {\Vu\ 2 + | U | 2 } dv fl . 

2 JS(s) JB{s,oo) 



Integrating this inequality with respect to s over [t, ti] (r 2 < t < ti), we have 



2ci f 1 ds f r^- 1 {\Vu\ 2 + \u\ 2 } dv g 

Jt JB(s,oo) 

[ rt {\Vu\ 2 - q\u\ 2 } dv g 
JB(t,ti) 



r J ^udA — 7 / r 7 1 '^udv q . 
S( tl ) Js(t)J or J B(t,ti) or 

In the last line, we have used the equation in Proposition 3.1 with p{r) = and 
ip = r 1 . Since our assumption (3) implies that 

du 

liminf / r 7 — - udA = 0, 



*i^ 00 ./s( tl ) dr 



letting t\ — > oo and using Fubini's theorem, we have 
2 Cl f ds f r^ 1 {\Vu\ 2 + \u\ 2 } dv g 

Jt Jb(s,oo) 

=2ci / {r-ty- 1 {\Vu\ 2 + \u\ 2 } dv g 

J B(t, oo) 

£ L " { (*)' + '"'l " + V^,' 7 -' { (*)' + ""*} * < =0. (8) 

where the right hand side of this inequality is finite by (7). Hence we see that the 
desired assertion (4) holds for m = 7. 

Once again, integrating this inequality (8) with respect to t over [t\, 00) {t\ > r\) 
and using Fubini's theorem, we get 



2 Cl f (r- tfr-*- 1 {\Vu\ 2 + \u\ 2 } dv 

JB(t,oo) 

s C {(£)'+ '°' 2 } *» ^Lj - ^" {(% )2+ ^ *• 



<oo, 

where the right hand side of this inequality is finite by (8). Thus, we see that the 
desired assertion (4) holds for m = 7 + 1. Repeating the integration with respect 
to t shows that the assertion (4) is valid for m = 7 + 2, 7 + 3, • • • , therefore, for any 
m > 0. □ 

5. Exponential decay 
Proposition 5.1. Under the assumption of Proposition 4.1, we have 

e vr {\u\ 2 + |Vu| 2 } dvg < 00 for any < 77 < 771(0, b, n)V\, 



I S(ro,oo) 

where we set 



(n+l)a-b 



. - , if 2- (n+ l)a + b > 0, 

Tn(a,b,Tl)={ Y 2-(n+l)o+6 _ 

00 if 2- (n+ l)a + 6 < 0. 
9 



Proof. In Proposition 3.2, let 



p(r) = mlogr (m > b); 

7 = 1; 

e = -(6- 2a). 



Then, 



u = r u; 

m 2 to m . , , m 2 / 6 — 1 \ 

g = + -5 Ar + A > A + — 1 > 0; 

r z r z r r z \ ml 



r- 



dq 2m 2m m A d(Ar) 
I = 1 Ar — m— - - 

dr r 2 r 2 r dr 



d(Ar) ._ , aa b\{r) , . 

--^- L = Vdr 2 +Ric(Vr,Vr > — --ill; (* 9 ) 
ar r z r 

rAr + e > a + e, 

where we have used the identity = |Vdr| 2 + Ric (Vr, Vr) (see [IT], Propo- 

sition 2.3). Hence, we have 

dq , . . 
r— — h g(rAr + e) 
or 

2m 2 2m ma m^_ to-> / m 2 m mb\ „ 
> -g — + — + ^aa - — bi(r) + I A + — + — — I [a + ej 

- TO TO TO 2 

=(a + e)A - &i(r) c 2 ^ - c 3 — 5-, 

where we set 

c 2 = 2 -2(1 +0) + (b- l)(a + e); 

c 3 = 2 - a - e. (9) 

Note that on the Euclidean end R" — Br^ (0, 1), a = b = 1, and hence, C2 = C3 = 0. 
Besides, 

a + e = a + 2a-& = (n-l) j^-ia-bj > 0; (10) 

- n — 1 

r(Vdr)(Vu, V-u) - -(rAr + e) ^(dup^)) 2 



1 n— 1 

>-(2 a -6-e)^(^(^)) 2 = 0; 



1 - i(rAr + e) + 2m > 1 - ~(b + e) + 2m = 2m + 1 - a > 



10 



for m > to := 9l ^'. Hence, we have 



> 

- 2 



-/ 4 

Js(s) { 

\f \{a + e)X-U)--U+ C A4W^ 
2 JB(s,t) I r V ml r 2 J 



'S(t) I \ vrj z zr or j z j s(;s) 

<9v \ 2 1 — e dv 1 
<9r / 2r <9r | 



+ (2m + 1 - o) /*<„„ (£)' *■ + (1 - e)m / fl( ,.« (n) 

for m > mo- On the other hand, Lemma 3.1 with (3 — yields that 



S(t) JS(s) 



\v\ 2 dA=[ \(Ar)\v\ 2 + 2v^\ dv g 

JB(s,t) I 0r J 



^J? w2+2 ^}*» <i2) 

Multiplying the inequality (12) by a constant a > and addition of it to (11) make 
\ f dv\ 2 1 l2 1-sdv a. l2 | 



4/ s( /(l-l 2 -*H^-/ s(/ {(^ 

, 1 f . . 2aa ~ . .to / c 2 \ m 2 1 2 , 
>- / \(a + e)X+ h r (cs + — ) — H« d« 



dv\ 2 1 — e dv a, ,,] 



J 2r dr r 



(1 — e)m 1 <9t> 
2a + — \ —v 



for to > to - Substituting the inequality 



into (13), we get 



r ■ 

S(t) 



+ U/( |v " |2 -* i2 t^-/ s ,,# 



2 1 — £ <9w a, ,o I , . 



> / fr(a,r, to) \v\ 2 dv g , (14) 



9' 
B(s,t) 



11 



where we set 



H(a, r, m) 

= g + e A- 2a+^ ^ + h (r - - c 3 + - — 

4(2m +1 — a) [_ r J r r \ m) r A 

=(a + e A h ^ 2a = — ^ &i(r) c 3 + — ) -5- 

and 

(1-e) 2 „ (1-e) 2 

Therefore, for any 6* € (0,1), if we take ct\ = ai(X,a,b,n,ro,6) > sufficiently 
small, then for < a < a\, the right hand side of (14) is bounded from below by 

/«„„ {" - m + C,A -' bltr) T ~( c > + £) W } W'**- 

Our taking lim^oo o = A into account, Proposition 4.1 implies that \Vv\ and v are 
in L 2 (B(r , 00), dv g ^ , and hence, 



liminf / r \ ( — ^ ] + 



1 — e 1 , ,9 a. .., 1 

2r or 2 r 



Therefore, substituting appropriate divergent sequence {ti} for t in (14), and letting 
ti — > 00, we get 

>2 / ((l-e)(a + e )A-6 1 (r)--( C3 + ^)^l| W | 2 rf Ws . (15) 
Jb(s,oo) I r v m/ r J 

If our end E equals a Euclidean end R" — Br^ (0, ri), then c 3 = 0. However, in our 
general situation, the sign of this constant c 3 may be negative. Hence, we shall set 

c 3 = max{c 3 , 9}; C4 = max{c 4 , 1}. (16) 
Then, for m > mi(c 3 , C4, 0) ( > max{& + 1, mo}), 

C 3 + - < (1 + 0)C 3 

m 

12 



Multiplying both side of (15) by s 2m and integrating it with respect to s over 
[x, oo ) (x > r ), we have 

r 1 - 2 ™ {\Vv\ 2 - q\v\ 2 } dv g 

B(x,oo) 



! / 

JB(x,oo) 

>2j™ s- 2m ds J |(i_e)(a + e)A-6i(r)y-(l + e)S3^||t> 
>2 / >OO ((l-e)(a + e)A-6 1 ( S )--(l + 0)c 3 ^j S - 2m rf S / |«| 2 d«, 

ii I S S J JB(s,oo) 



dVg 



m , „ % m 



>2<j (1 -0)(a + e)A-bi(a;)— - (l + 0)c 3 — [> / s~ 2m ds \v\ 2 dv g 

JB(s,oo) 

(17) 



9 

B(s,oo) 
2m > / i ,|2 



for m > mi. Substitution of the equation in Lemma 3.2 into (17) makes 

r- 2m {2m - 1 - rAr} \v\ 2 dA 



ld_ 

2 dx" 



U~ 2m I \v\ 2 dA\-\( 

\ JS(x) J Z JS 



B(x,oo) 



S{x) 

2( — + — v + 2-\v\ 2 \ dv g 

Or I r or r 



>2^(l-6)(a + e)\-b 1 (x)^-(l + 9)c 3 ^ s- 2m ds J ^ ^\v\ 2 dv g . 



Taking the following three inequalities into account 



n fdv\ 2 2-edv a, If (2 - e) 2 1 . l2 n 

(2-e) 2 

for r > n = — — : 

16a 

2m- 1 - rAr > 2m -6 - 1 > 2(1 - 0)m for m > m 2 = ^-j-" ; 
0>&i(r)(>O) for r > r 2 =r 2 (6i,6>), 
we have for any m > m 3 = maxjmi, m 2 } and x > r 3 := max{n, r 2 } 
1 d ^i_ 2ro /■ L , |2 ^ (l-e)m ix-i m f | w |2 rfj4 j 



2 dx \ J s(x) j x 

,2 



S(x) 



>2{(l-6)(a + e)\-8--(l + 9)c 3 ^-\ I™ s- 2m ds [ \v\ 2 dv g . (18) 

I x x ) Jx JB(s,oo) 



Now, for m > m 3 and x > r 3 , we shall set 

m _ -9 + y/6> 2 + 4(1 + fl)c 3 (l - fl)(a + e)A 
x ~ 2(l + 0)c 3 
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= :c 6 >0 (19) 



and 

F(x)=x 1 - 2m [ \v\ 2 dA = x f \u\ 2 dA. 

JS(x) Js(x) 

Then, 

(1 - 0)(a + e)X - Oce - (1 + 9)c 3 c 2 e = 0, 
and hence, the inequality (18) implies that 

F'{x) + 2(1 - 9)c 6 F(x) < forx>r 3 . 
If we set G{x) = e 2 ^- e ^ x F{x), (20) reduces to 

G{x)' < for x > r 3 . 
Thus, G(x) < G(r 2 ) for a; > r 3 , that is, 

= X [ \u\ 2 dA < e -2(l-0)c 6 x F ( r ^ e cer 2 for x > ^ 

Now, in view of (9), (10), (16), and (19), we see that (21) implies that 
/ e r ' T '|u| 2 dv g < oo for any < 77 < 771(0, 6, n)V\. 

J B(r a ,oo) 

Next, we shall show that Proposition 3.1 and (22) yield 

/ e vr \Vu\ 2 dv g < oo for any < rj < 771(0, 6, n)V\. 

J B(ro.oc) 

For that purpose, first consider the integral 



g(R) = 2 



B(r ,R) 



e nr u^dv g . 
Or 



(20) 



(21) 



(22) 



Then, Green's formula yields 

g(R)=- [ (V(e^),V(« 2 )) dv g 

V JB{r ,R) 

=-[ I -[ \e^\u\ 2 dA- [ (Ar + Tj^lufdvg. 

V \JS(R) Js(r )J JB{r ,R) 

Since linv^oo Ar = 0, (22) implies the existence of the limit, lim^^oo g(R). In 
particular, 



liminfe 7 ^ 

R — >oo 



/ 

JS(R) 



9u , . 
u— dA 
Or 



0. 



(23) 



In Proposition 3.1, we put p = and tp — e w . Then v = u, q = A, and 
/ {\Vu\ 2 -\\u\ 2 }e nr dv g 

JBfrn.R) 



(r -f ) d ^dA-j 

\JS(R) Js(r )J or JB{r ,R) 



e nr ^udv g 
or 



< 



S(R) JS(r ) 



du , . 1 
— ue^ dA + - 
or 2 



B(r ,R) 



e" r {|Vu| 2 + 77 2 | U | 2 } dvg. 
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Hence. 

\ I e^\Vu\ 2 dv g 
<([ "/ )^ue^dA+[ \lt + X X e nr H 2 d 

\Js(R) Js(r„) J dr JB(r ,R) I 2 J 

Therefore, (22) and (23) imply that 

/ e vr \\7u\ 2 dv g < oo for any < r\ < r/i(a, b, n)VX (24) 

JB(r ,oo) 

Thus, from (22) and (24), we get our desired result. □ 

6. Vanishing on some neighborhood of infinity 
Proposition 6.1. Under the assumptions of Proposition 3.1, u = on B(r 0} oo). 
Proof. In proposition 3.2, we shall put 

7 = 1; 

p(r) = kr e (k > 1, 6e (0,1)) 
and choose e so that (6) holds. Then, from 

-L= Vdr 2 +Ric Vr,Vr >— - -1^; * 9 
or r z r 

a < rAr < 6, 

we get 

v = e kr "u- (25) 
q = A - p"(r) - p'(r)Ar + (p'(r)) 2 
= A + k9(l - 6)r 6 - 2 - k0r fi ~ 1 Ar + k 2 6 2 r 20 - 2 (26) 

> A + kO {l - 9 - b} r 6 - 2 + k 2 9 2 r 20 - 2 ; 

r^L = -k6(l - 0)(2 - e)r°- 2 + k6(l - flJr'^Ar 

- k9r el ^±-2k 2 6 2 (l-e)r 2e - 2 
or 

> -k6(l -0)(2- 6)r 6 - 2 + k6(l - 6)ar 6 - 2 

+ kffdar - 2 - k0r e -%(r) - 2k 2 2 (l - 9)r 29 - 2 
= -k6r e -%{r) + k6{-(l - 9){2 -0-a) +aa}r 6 - 2 - 2k 2 Q 2 {\ - 6)r 20 - 2 . 



In addition, 



rAr + e >a + e>0. 
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Therefore, 

dq , . x 
r— + qir/Xr + e) 
or 

> - k9r - 1 b l {r) + k9{-(l -6){2-e-a) + aa}r - 2 - 2k 2 9 2 {\ - 6)r 20 - 2 

+ { A + k9(l - 9 - b)r 6 - 2 + k 2 9 2 r 20 - 2 ) (a + e) 
= (a + e) A - kdr e - Y b x (r) + kOr - 2 { (1 - 0) (-2 + + 2a + e) + aa - b(a + e) } 

+ k 2 9 2 r 20 - 2 {a + e-2{l-9)} 
= (a + e) A - ker^hir) + kdr e - 2 c 7 + k 2 9 2 r 2( >- 2 c s (27) 
and 

1 - i(rAr + e) + 2rp\r) > 2kQr + 1 - 1(6 + e) = 2k9r 9 + c 9 ; (28) 

a - a - w (|) 2 - (1 -^T; M " h 2 . (») 

where we set 

c 7 = (1 - 6) (-2 + 9 + 2a + e) + aa -b(a + e); 
c 8 =a + £-2(l -9); 

C9 = 1- + 

for simplicity. Since a — e > 0, we can choose 9 e (0, 1) so that 

c 8 =a-£-2(l-0)>O. (30) 
Then, from (27), (28), and (29), we see that 

\ {^r + q{rA + £) ] H ' + (1 ~ £)p,{j) Yr V 

+ jl - l(rAr + e) + 2rp'(r)| ^ 

4 {<? + ^ - ^"^ W + fc20V ^ 2 ( C8 + Mr- 2(2**. + c 9 ) 

(31) 



c 7 (1-e) 2 



Thus, in view of (30), there exists a constant r 6 (a,b,e,9) > r depending only on 
a, b, e, and 9 such that 

_c^_ _ (1 -e) 2 cs = 

8 k9r 9 2(2k9r e + c 9 ) " 2 ' 9 

for any k > 1 and r > r 6 . Since lim^oo &i(r) = 0, we have 

T/n 2 / M^A 4(a + e)Ac q - 6i(r) 2 
(a + e)A-y&i(r)+y% = c 9 U--^J +^ ^ > 

for any r > rr(a, A, e) and y e R. Therefore, the right hand side of (31) is nonneg- 
ative for any k > 1 and r > r$ := ma,x{re,rr} Thus, we have for any k > 1 and 
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t> s>r s 

'{(D'^'I'-^'I'^i'}" 

im r{^-i^-(^-^)^>_0. (3 2 , 
By bearing (25) in mind, we see that Proposition 5.1 implies that 



liminf / r \\Vv\ 2 + \v\ 2 } dA = 0. 
Js(t) 



IS(t) 

Hence, substituting an appropriate divergent sequence {i^} for t in (32), and letting 
ti — ► cxd, we see that 

/flWl ,dr) + 2™ -2^ 2 -^T^4^>0 (33) 
for all s > rg and fc > 1 . On account of the facts 

|) J ={^ e v-i„r +2M /-.^ + (|;) 2 } e - 

2fl2„28-2|„ ,|2 i r,i a R-l & U „, r- . , i 2 I .„/.; 



and (26), the left hand side of (32) is written as follows: 
where 

Ma) = _02 s 2e-2 /" \ u \2 dA 



JS(s) 

I-2{s) and ^3(5) is independent of fc. Thus, for any fixed s > r s , the inequality 
fc 2 /i(s) + kl 2 {s) + I 3 {s) > holds for all fc > 1. Therefore, h(s) = for any fixed 
s > r 8j that is, u = on B(r%, cxd). The unique continuation theorem implies that 
it = on E = M - U. □ 

We obtain Theorem 1.1 from this Proposition 6.1. 

Proof of Theorem 1.2 

Under the assumptions of Theorem 1.2, lim r ->oo A = 0, and hence, er css (— A) = 
[0,oo) (see [H]). If A > is an eigenvalue of —A and u is an corresponding eigen- 
function, then u, Vu G L 2 (M,dv g ), in particular, u,Vu S L 2 (E,dv g ). However, 
(*5) and Theorem 1.1 implies that (1) with 7 = 1 holds: 

'•^ !, Ll&) ,+M2 } dA ^ 

Therefore, there exist positive constants C10 and rg such that 

t f I (tt) + H 2 \ dA> cio for f > r g . 



S(t) 



(9 c 
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Hence, dividing the both sides of this inequality by t and integrating it with respect 
to t over [rg, oo), we get 




= +00. 



This contradicts the fact that tt, Vu € L 2 (E,dv g ). Hence, er p (— A) = 0. Thus, we 
have proved Theorem 1.2. 

Theorem 1.3 and 1.4 are obtained by using the comparison theorem in Riemann- 
ian geometry, that is, Proposition 2.1 and Proposition 2.2. 

7. Remarks 

In our theorems, we assume that there exists an open subset U of M with 
compact boundary dU such that the outward pointing normal exponential map 
exp gu : N + (dU) — ► M — U induces a diffeomorphism. This condition is not 
essential. What matters is rather the existence of a function with special properties, 
such as r. The readers interested in this matter could pick up necessary conditions 
that should be satisfied by such a function from our proof above. We note that 
there are Donnelly's works ([5], [6]) from this viewpoint of an exhaustion function 
of M. 

Our arguments are also applicable for the case that the metric of an end is a 
warped product. This case is discussed in |18j . 
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